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Abstract—Averaging of the dynamic functions of the standard cosmological model (SCM) at its early
stage with the dominance of a scalar ﬁeld is carried out. It is shown that microscopic oscillations with
Compton period provide a major contribution to the macroscopic energy density of the scalar ﬁeld at large
times at this stage. In this case, the eﬀective equation of state of the scalar ﬁeld oscillates between the
inﬂationary and the extremely rigid ones, while the macroscopic equation of state, obtained by averaging
over fast oscillations of the scalar ﬁeld, is nonrelativistic.
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1. INTRODUCTION
We investigate the standard cosmological model
based on a classical massive scalar ﬁeld at the early
cosmological stage when scalar ﬁeld dominates over
other matter types (see, e.g., [1]). There are nu-
merous papers devoted to this problem, in particular,
the problems of a qualitative theory for the Stan-
dard Cosmological Model (SCM) were considered
in [2–8]. In [9–11], the asymptotic properties of the
SCM based on a classical massive scalar ﬁeld were
investigated by combined application of methods of
the qualitative theory of ordinary diﬀerential equations
and their numerical integration. In particular, it was
shown that the set of Einstein–Klein–Gordon equa-
tions for the homogeneous spatially ﬂat cosmological
model has a singular point corresponding to zero val-
ues of the potential of the scalar ﬁeld and its derivative,
and in this case the singular point can be an attractive
center or an attractive focus or a saddle, depending
on the value of the cosmological constant. At Λ <
4/(3m2), this singular point is an attractive center,
while at Λ = 0 it is an attractive focus.1 In addition, it
was found that when approaching this singular point,
the cosmological acceleration acquires an invariant
character with an average value corresponding to the
nonrelativistic equation of state. A later research [12]
has revealed, in the case of zero cosmological con-
stant, scalar ﬁeld oscillations and oscillations of its
derivative decaying with time, but this process lasts
for a signiﬁcantly long time, up to 107 Compton times.
Here the phase trajectory of the dynamic system in
the plane (Φ, Φ˙) almost coincides with a perfect circle
whose radius slowly decreases. This suggests that
1 Here m is the mass of scalar ﬁeld quanta in Planck units
G = c =  = 1; this system is used in this paper.
at sufﬁciently late times of the early evolution of the
Universe,2 the main contribution to the macroscopic
energy density of a scalar ﬁeld is due to microscopic
oscillations. In this paper, this concept is veriﬁed
using numerical simulation methods, developed in the
authors’ paper [13].
2. BASIC RELATIONS OF THE STANDARD
COSMOLOGICAL MODEL
As is well known, for the spatially ﬂat model
ds2 = dt2 − a2(t)(dx2 + dy2 + dz2) (1)
the set of Einstein–Klein–Gordon equations consists
of the unique nontrivial Einstein equation
3
a˙2
a2
= Φ˙2 +m2Φ2 ⇒ H2 = 1
3
(
Φ˙2 +m2Φ2
)
(2)
(f˙ ≡ df/dt) and the equation of the classical massive
scalar ﬁeld
Φ¨ + 3HΦ˙ +m2Φ = 0, (3)
where H(t) is the Hubble parameter, Λ = ln(a),
a˙/a ≡ Λ˙ = H(t). The energy–momentum tensor of
the scalar ﬁeld has the structure of that of a perfect
isotropic ﬂuid with the energy density and pressure
ε =
1
8π
(
Φ˙2 +m2Φ2
)
, p =
1
8π
(
Φ˙2 −m2Φ2
)
. (4)
2 Speaking of large times of the early evolution, we mean
the circumstance that the scalar ﬁeld remains a sole type of
matter at such times.
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